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Behavior of the reaction front for A1B˜C diffusion-reaction systems: An analytic approach
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The time behavior of the reaction front between initially separated reactants of the diffusion-limited reaction
A1B→C in a one-dimensional system is studied by means of a stochastic approach. The asymptotic results of
this scheme give a rather good agreement with simulations regarding the time power indexes of scaling for the
height and width of the distribution ofC particles.@S1063-651X~97!07308-X#
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I. INTRODUCTION

The recent interest raised by the kinetics of the recom
nation processA1B→C (C inert and immobile! is due to
the fact that segregation of like particles occurs, leading
anomalous reaction rate laws@1,2#. There is a remarkable
sensitivity of segregation to changes on initial conditio
presence of sources, disorder, external forces, etc. Mos
the recent literature is devoted to the analysis of these p
nomena under the assumption that some kind of rate e
tions are valid@1–10#.

A particular aspect that has been studied through exp
ments, theory, and simulations is the situation in which
reactants are initially separated in space@11–22#. In such a
case the system develops a reaction front at the inter
separating the reactants, which is marked by the concen
tion of the C particles. As was discussed, the behavior
such a reaction front should be of relevance for a variety
biological, chemical, and physical systems@23#.

Usually, the theoretical analysis of the behavior of th
front is done in terms of diffusion-reaction equations whe
the reaction terms are modeled according to chemical ki
ics @11–19#. Recently, renormalization group techniqu
have also been used, starting from a master equation des
ing the process and transforming it into a second quant
version@22#. In this paper we will use a different, more a
cesible, framework, whose starting point is a stochastic eq
tion for the density of a species of particles in which t
other species acts as an absorber with a given absorp
shape function. It is a generalization of the Galanin meth
used in nuclear reactor theory for modeling neutron abso
tion @24#. This equation can be averaged exactly. Then,
using a diagrammatic technique it is possible to select
take into account the leading contributions for short and lo
times. The result is an equation for the density of particles
which the reaction term is given by a convolution in spa
and time of a kernel with the density. The method has b
used initially for analyzing the evolution of theA1B→B
homogeneous reaction@25# and afterwards extended to th
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caseA1B→C @26#. As was pointed out there the metho
has several advantages. On one hand, it is able to des
with good precision the system evolution for any time, wh
usually only asymptotic results are obtained. Within this a
proach we have the possibility of varying the reaction len
by controlling the probability of reaction. Then, it is possib
to study the cases of perfect and imperfect reactions. On
other hand, the resulting equation is the continuous limit o
master equation directly related to simulations. For this r
son we have always obtained a good agreement betw
simulations and solutions of such an equation@25,26#.

In Sec. II we will briefly review the formalism we are
going to use. After that, we will apply the scheme to t
reaction front problem described above and we will sh
how the exponents indicating the time behavior of the fro
width and height that result from the present analysis are
rather good agreement with those known from simulatio
@13,18,20#

II. FORMULATION OF THE PROBLEM
AND AVERAGED EVOLUTION EQUATIONS

Here we will make a brief review of our scheme. Th
complete details of the method can be found in Refs.@25,26#.

We consider two kinds of particles,A andB, with inde-
pendent motion and with the possibility of annihilation wh
they are in contact. We assume that the motion of an in
vidual particle is a Markovian process with conditional pro
ability GA(r ,tur 8,t8) for the A particles andGB(r ,tur 8,t8)
for theB ones. These probabilities fulfill the evolution equ
tions:

ĠA5LAGA , ~1a!

ĠB5LBGB , ~1b!

with GA(r ,t0ur 8,t0)5GB(r ,t0ur 8,t0)5d(r 2r 8) as initial
conditions, andLA , LB being linear operators. The Markov
ian character, which is essential in this formulation, make
possible to factorize the one particle joint probability in t
usual way.
1724 © 1997 The American Physical Society
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56 1725BEHAVIOR OF THE REACTION FRONT FORA1B→C . . .
Each particle moves independently, but its survival d
pends on the evolution of the other particles. We iden
each particle with a numerical index. Since the number
particles is not conserved, the set of indices correspondin
the existing particles varies with time,$ i (t)%. The density of
particles of one kind at timet is given by

nA,B~r ,t !5K (
$ i A,B~ t !%

d„r 2r i A,B
~ t !…L , ~2!

where the bracketŝ & indicate an average over the motio
process and over all possible annihilation processes. A
the density functions defined by

nA,B~r ,t8ut !5K (
$ i A,B~ t !%

d„r 2r i A,B
~ t8!…L . ~3!

correspond to the density of particles at timet8 that survive
until time t. Both densities are related through

nA,B~r ,t !5E GA,B~r ,tur 8,t8!nA,B~r 8,t8ut !dr8. ~4!

To invert these equations in order to obtainnA,B(r 8,t8ut) as a
functional of nA,B(r ,t) is quite difficult, and it is possible
only when the evolution is essentially diffusive or the dens
is rather uniform.

In order to consider the reaction process, we assume
when two particles of different species are close enough
each other they can annihilate. The rate of probability
such a process when the relative position between the
ticles isr , is given by a functiongeHe(r ), wheree is a mean
interaction length,He is a normalized function that tends t
d(r ) when e→0, and ge is a rate of probability per uni
volume of interaction of one particle. The effective intera
tion time is given bye2dge

21 , and the reaction will be eithe
perfect ~fast! or imperfect ~slow! if this time is shorter or
longer than the collision time@17#.

To formulate the evolution equations, we defi
nA,B(r ,tu$B,A%) as the density of theA or B particles con-
ditioned to the occurrence of a process$r i B

(t)% or $r i A
(t)% in

the evolution of theA andB particles. Hence, the evolutio
of these densities is governed by

ṅA,B~r ,t$B,A%!5LA,BnA,B~r ,tu$B,A%!

2ge (
$ i B,A~ t !%

He„r 2r i B,A
~ t !…

3nA,B~r ,tu$B,A%!. ~5!

This equation generalizes the Galanin approach for
tended absorbers@24#. In the limit e→0 we recover the
original form of point absorbers. This limit is strictly corre
in dimension one, but in higher dimensions we need to t
into account the size of the particle. The equations
coupled in the sense that the target particles act like an
ternal absorber. The rate of absorption for each particl
then the same only in average. In other words, the annih
tion of one particle does not necessarily imply the annih
tion of the other. This is the main approximation of th
-
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method that, as the simulations indicate@25,26#, is excellent
even when the reaction is imperfect.

The most naive approximation for the average of Eq.~5!
consists of the simple factorization of the reaction ter
^($ i (t)%He„r 2r i B,A

(t)…nB(zu$A%)&'nA
H(z)nB(z), where the

superscriptH means a space convolution with the norm
ized functionH. This corresponds to a mean field approx
mation which is only valid at short time intervals. An exa
method for the averaging of this type of equations is given
Ref. @25#. With such a method it is possible to find a syste
atic expansion of products and convolutions of conditio
probabilities and mean densities. Here we use this met
with the same notation used therein and in Ref.@26#.

For the sake of simplicity we only consider one of Eq
~5!. The other equation requires an identical treatment. F
we take the integral form of Eq.~5!, iterate it and multiply by
($ i (t)%He„r 2r i B

(t)…. Averaging this equation, taking into ac
count the factorization properties of the joint probability, w
obtain

]nA

]t
5LAnA2gAA , ~6!

where theabsorption function

AA~z![^($ i %D i~z!nA~zu$B%!&

is given by the expansion

AA~z!5GAz,z8nB
H~z8ut !d~ t8!nA~z8!2geGBz,z1

H

3GAz,z1
GBz1 ,z8

H
GAz1 ,z8nB

H~z8ut !d~ t8!nA~z8!

2geGBz,z1

H GAz,z1

3nB
H~z1ut !GAz1 ,z8nB

H~z8!d~ t8!nA~z8!1•••

1~2ge!
nGBz,z1

H GAz,z1
GAz1 ,z2

. . .

3GAzn ,z8d~ t8!nA~z8!

3@nB
H~z1ut !nB

H~z2!•••nB
H~z8!

1GBz1 ,z2

H
•••GBzn ,z8

H nB
H~z8ut !#1••• ~7!

Here we have used the following shorthand notation:
denote byzi the pair (r i ,t i), zi indicates integration over the
variables r i ,t i for all functions containing them,Gz,z8 is
G(r ,tur 8,t8), and D i(z)5He„r 2r i(t)…. A more complete
picture of this expansion is given by means of a diagra
matic representation as shown in the Appendix of Ref.@26#.

Since the density is a monotonically decreasing funct
of time, the long-time behavior will be dominated by th
lowest orders innB

H(t), that can be summed giving

AA~z!'T~z,z1!nB
H~z1ut !GAz,z8d~ t8!nA~z8!, ~8!

with
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T~z,z8!5d~z2z8!2geGAz,z8GBz,z8
H

1ge
2GAz,z1

GBz,z1

H GAz1 ,z8GAz1 ,z8
H

1••• ~9!

The remaining terms can also be expressed in term
these functions. Also, in order to get a good approximat
for short times we must keep the contribution of the high
orders innB

H . Hence, neglecting the crossed terms of mix
products ofGB and nB

H , AA(z) will be the solution of the
following integral equation:

AA~z!5T~z,z1!nB
H~z1ut !GAz1 ,z8d~ t8!nA~z8!

1T~z,z18!nB
H~z18uz!GAz

18 ,z1
AA~z1!. ~10!

After some more replacements and rearrangements w
nally obtain an equation fornA(z)

]nA

]t
5LAnA2geT~z,z1!nB

H~z1ut !nA~z1! ~11a!

valid for short and long times. A completely similar equati
is obtained for the averaged density ofB particles

]nB

]t
5LBnB2geT~z,z1!nA

H~z1ut !nB~z1!• ~11b!

Equations~11a! and~11b! are the main result obtained i
Ref. @26# and will be our starting point in the study of th
problem of initially separated reactants. As pointed out e
lier, the derivation ofnH(z1ut) as a function ofn(z) is not
possible in general making it necessary to resort to so
kind of approximation. This will depend on each particu
problem, but, as a first approach, two alternatives are p
sible, eithern(z1ut);n(z1) or n(z1ut);n(z). The first ~a
kind of sudden approximation! seems to be better adapted
problems in which diffusion is the main phenomenon. T
second is an adiabatic approximation valid when the shap
the density varies slowly.

III. BEHAVIOR OF THE REACTION FRONT

In order to apply our scheme to the problem of the re
tion front we will consider the case of a set of particlesA and
B with initially separated uniform densities
nA(x,t50)5nB(2x,t50)5n0u(x), and with the same dif-
fusion coefficientD. LA and LB are diffusion operators
LA5LB5D and the corresponding Green function has
usual form GA5GB5(4pDt)2d/2exp(2r2/4Dt). Since we
restrict our analysis to a one-dimensional situation, we
use the point absorber approach~that is, the limite→0). In
such a case, the convoluted functionsnA

H(z1ut) and Gb
H be-

come ordinary functionsn(x,t) andGB(x,tux8,t8). In order
to proceed with our calculation, we will partially follow th
approach of Ref. @18a#. We define the function
F(x,t)5nA(x,t)2nB(x,t), that fulfills the equation

]F

]t
5D

]2F

]x2
, ~12!

which, due to the indicated initial conditions, has the solut
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F~x,t !5n0ErfS x

A4Dt
D . ~13!

We now rewrite the concentrations ofA andB particles as

nA~x,t !5G1~x,t !1dn~x,t !, ~14a!

nB~x,t !5G2~x,t !1dn~x,t !, ~14b!

where

G1~x,t !5H n0ErfF x

A4Dt
G x.0

0 x,0,

~15!

and alsoG2(x,t)5G1(2x,t). In terms of these functions we
can writeF(x,t) andF(uxu,t) as

F~x,t !5G1~x,t !2G2~x,t !,

F~ uxu,t !5G1~x,t !1G2~x,t !.

The function defined byS(x,t)5nA(x,t)1nB(x,t) must be a
continous one given by

S~x,t !5F~ uxu,t !12dn~x,t !.

Substitution of the forms ofnA(x,t) andnB(2x,t) into Eqs.
~11a! and ~11b!, reduces this set of equations to the follow
ing equation fordn(x,t) alone:

]dn

]t
5D

]2dn

]x2
2geT~z,z1!F~ ux1u,t1!dn~z1ut !

2geT~z,z1!dn~z1!dn~z1ut !, ~16!

with the boundary condition

dnx~06,t !57
n0

4ADt
,

which comes from the continuity of the functionS(x,t) at
the origin.

We have indicated in Ref.@21# that it is theabsorption
function, i.e., the reaction term of Eq.~16!, that is the rel-
evant function for determining the evolution of the conce
tration of the productC. Here, as we have done there, w
also need to resort to Fourier-Laplace transforming this te
Hence, instead of dealing withT through the series in Eq.~9!
we consider its Fourier-Laplace transformT(k,s). In the
present case it reduces to

T~k,s!5

1

A2p

11
gep

A~Dk!212sD

. ~17!

At this point it is possible to show that thesuddenap-
proximation described above@i.e., dn(z1ut)5dn(z1)# is
equivalent to, and yields the same results as, amean field
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56 1727BEHAVIOR OF THE REACTION FRONT FORA1B→C . . .
approach. However, guessing that the shape of thedn varies
subdiffusively~that is, the typical time scale is slower tha
t1/2), we must resort to theadiabatic approximation@i.e.,
dn(z1ut)5dn(x,t)#. Hence, we can follow the line of work
indicated in Ref.@21#, resorting to the Fourier-Laplace tran
form (FFL) of T(z,z1)F(ux1u,t1), yielding the result

FFL$T~z,z1!F~ ux1u,t1!%

5n0T~k,s!
1

sF A2pd~k!2
A~2s/pD !

s

D
1k2 G , ~18!

whereFFL$ % means the Fourier-Laplace transformation. W
then find that the inverse Fourier transform gives

L$T~z,z1!F~ ux1u,t1!%5
n0

s
@T~k50,s!2T~k5 iAs/D,s!

3exp~2As/Duxu!#, ~19!

which asymptotically (s→0), and in the approximation
x!A4Dt, reads

L$T~z,z1!F~ ux1u,t1!%;p23/2S 12
1

A2
D n0

g
~D/s!1/2.

~20!

Then, Eq.~16! can be asymptotically written as

]dn

]t
5D

]2dn

]x2
2

a

At
dn2geT~z,z1!dn~z1!dn~x,t !,

~21!

with a5(12@1/A2#)n0AD.
An approximate solution of this equation can be obtain

using a scaling method. Let us assume the scaling func
dn(x,t);t2gg(x/ta). The asymptotic behavior o
T(z,z1)dn(z1) can be obtained as before using the Fouri
Laplace transformation

FFL$T~z,z1!dn~z1!%.T~k,s!sg21k21G~k/sa!. ~22!

Substituting Eq. ~17! here, taking the asymptotic limi
(s→0) and taking the inverse transformation, we obtain

T~z,z1!dn~z1!.t2g2agS x

taD . ~23!

After substituting the scaling function into Eq.~ 21! and tak-
ing into account the last equation we find that a solution
Eq. ~21! exists with the following values for the scaling e
ponents:a5g5 1

4. Moreover, the scaling function fulfills the
equation (u5x/ta):

D
d2

du2
g2ag2vg250, ~24!

with the boundary conditiongu(06)57n0 /(4AD). The
constantv could be determined after solving Eq.~24!.
d
n

-

f

The knowledge of the asymptotic behavior ofdn allows
us to determine all the relevant quantities. In particular,
can determine the so called reaction rateR(t) @13,18,20# that
is the most common quantity determined in simulations.
the present case

R.
a

t1/2
dn.t23/4g~xt21/4!. ~25!

Concerning the scaling exponents, this result is in comp
agreement with the most recent and refined simulations@20#.
However, the asymptotic form of the scaling functio
@g;exp(2Aa/Du)# resulting from Eq.~24! does not repro-
duce the Gaussian form found in the indicated simulatio
This fact is not unexpected, on one hand because the
glected~crossed! terms in Eq.~7!, that are clearly not rel-
evant in the homogeneous case, could play a non-neglig
role in the present case; while in the other hand we have
nonuniform convergence of the scaling limit to the true s
lution @27#.

IV. CONCLUSIONS

The recently introduced Galanin-like scheme to descr
the reactionA1B→B @25#, extended to the case of two sp
cies annihilation reactionA1B→C @26#, has been applied to
the problem of initially separated reactants in the react
A1B→C. The system we have considered is on
dimensional and we have assumed that the evolution
tween collisions is diffusive~with equal diffusion coeffi-
cients for both reactants!, and that there is only a finite
probability of annihilation in any collision of unlike par
ticles. This method allows us to obtain, within certain a
proximations, a closed equation for the quantitydn ~16! that
can be treated through scaling procedures. In such a fra
work, we have obtained scaling exponents that agree w
those obtained in the most recent simulations.

The adequacy of the present method to treat reaction
netic processes is apparent from the present results as w
previous ones for the case of homogeneous systems
other results corresponding to extensions of the Galanin-
approach for: traps executing a non-Markovian motion,
inclusion of sources, competition between coupled reactio
etc, @28#.

However, the analysis of the form of the the scaling fun
tion will require further investigation in order to provide
more complete picture of nonhomogeneous situations wi
the present model. For instance, the analysis of the rel
problem of a pointlike source injected into a homogeneo
substrate@29# is under way.
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