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Behavior of the reaction front for A+B—C diffusion-reaction systems: An analytic approach
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The time behavior of the reaction front between initially separated reactants of the diffusion-limited reaction
A+B—C in a one-dimensional system is studied by means of a stochastic approach. The asymptotic results of
this scheme give a rather good agreement with simulations regarding the time power indexes of scaling for the
height and width of the distribution o particles.[S1063-651X97)07308-X

PACS numbe(s): 05.20.Dd

I. INTRODUCTION caseA+B—C [26]. As was pointed out there the method
has several advantages. On one hand, it is able to describe

The recent interest raised by the kinetics of the recombiwith good precision the system evolution for any time, while
nation proces?\+B—C (C inert and immobilg is due to  usually only asymptotic results are obtained. Within this ap-
the fact that segregation of like particles occurs, leading td@roach we have the possibility of varying the reaction length
anomalous reaction rate la$,2]. There is a remarkable by controlling the probability of reaction. Then, it is possible
sensitivity of segregation to changes on initial conditions,to study the cases of perfect and imperfect reactions. On the
presence of sources, disorder, external forces, etc. Most éther hand, the resulting equation is the continuous limit of a
the recent literature is devoted to the analysis of these phénaster equation directly related to simulations. For this rea-
nomena under the assumption that some kind of rate equ&on we have always obtained a good agreement between
tions are valid1-10. simulations and solutions of such an equatfjiah,2§|.

A particular aspect that has been studied through experi- In Sec. Il we will briefly review the formalism we are
ments, theory, and simulations is the situation in which thegoing to use. After that, we will apply the scheme to the
reactants are initially separated in spat&—22. In such a  reaction front problem described above and we will show
case the system develops a reaction front at the interfadgow the exponents indicating the time behavior of the front
separating the reactants, which is marked by the concentravidth and height that result from the present analysis are in
tion of the C particles. As was discussed, the behavior ofrather good agreement with those known from simulations
such a reaction front should be of relevance for a variety 0f13,18,2Q
biological, chemical, and physical systef2s].

Usually, the theoretical analysis of the behavior of this
front is done in terms of diffusion-reaction equations where
the reaction terms are modeled according to chemical kinet-
ics [11-19. Recently, renormalization group techniques Here we will make a brief review of our scheme. The
have also been used, starting from a master equation descrifemplete details of the method can be found in RS, 26.
ing the process and transforming it into a second quantized We consider two kinds of particlegy, and B, with inde-
version[22]. In this paper we will use a different, more ac- pendent motion and with the possibility of annihilation when
cesible, framework, whose starting point is a stochastic equahey are in contact. We assume that the motion of an indi-
tion for the density of a species of particles in which thevidual particle is a Markovian process with conditional prob-
other species acts as an absorber with a given absorpticibility GA(r,t|r’,t’) for the A particles andGg(r,t|r’,t")
shape function. It is a generalization of the Galanin methodsor the B ones. These probabilities fulfill the evolution equa-
used in nuclear reactor theory for modeling neutron absorptions:
tion [24]. This equation can be averaged exactly. Then, by
using a diagrammatic technique it is possible to select and .
take into account the leading contributions for short and long Ga=LAGa, (13
times. The result is an equation for the density of particles in
which the reaction term is given by a convolution in space
and time of a kernel with the density. The method has been
used initially for analyzing the evolution of th&+B—B
homogeneous reactid25] and afterwards extended to the with Ga(r,to|r’,tg) =Gg(r,to|r’,tg)=8(r—r’) as initial

conditions, and.,, Lg being linear operators. The Markov-
ian character, which is essential in this formulation, makes it
*Permanent address: Centro Atico Bariloche(CNEA) and In-  possible to factorize the one particle joint probability in the
stituto Balseiro(UNC), 8400 San Carlos de Bariloche, Argentina. usual way.

II. FORMULATION OF THE PROBLEM
AND AVERAGED EVOLUTION EQUATIONS

Gg=LgGs, (1b)
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Each particle moves independently, but its survival de-method that, as the simulations indicé®5,26, is excellent
pends on the evolution of the other particles. We identifyeven when the reaction is imperfect.
each particle with a numerical index. Since the number of The most naive approximation for the average of &).
particles is not conserved, the set of indices corresponding tconsists of the simple factorization of the reaction term:

the existing particles varies with timg(t)}. The density of
particles of one kind at time is given by

>

{iaB(1)}

nA,B(rut):< 5(r_riA'B(t))>, 2

where the bracketé ) indicate an average over the motion

(CpapHer —rig ()ne(Z{A}))~nR(2)ne(2), where the

superscriptH means a space convolution with the normal-
ized functionH. This corresponds to a mean field approxi-
mation which is only valid at short time intervals. An exact
method for the averaging of this type of equations is given in
Ref.[25]. With such a method it is possible to find a system-
atic expansion of products and convolutions of conditional

process and over all possible annihilation processes. Als@robabilities and mean densities. Here we use this method

the density functions defined by

>

iag(h}

nA,B(r:t’|t):<{ 5(r_riAyB(t,))>- )

correspond to the density of particles at titighat survive
until time t. Both densities are related through

nAYB(r,t)=fGAYB(r,t|r’,t’)nA,B(r’,t’|t)dr’. 4

To invert these equations in order to obtajng(r’,t'[t) as a
functional of ny g(r,t) is quite difficult, and it is possible

with the same notation used therein and in R26].

For the sake of simplicity we only consider one of Egs.
(5). The other equation requires an identical treatment. First
we take the integral form of E¢5), iterate it and multiply by
ShinpHer — riB(t)). Averaging this equation, taking into ac-
count the factorization properties of the joint probability, we
obtain

an,
—_ = LAnA_ ’yAAl

7 (6)

where theabsorption function

only when the evolution is essentially diffusive or the density

is rather uniform.

An(2)=(Z(3Ai(2)na(z|{B}))

In order to consider the reaction process, we assume that

when two particles of different species are close enough t
each other they can annihilate. The rate of probability o

such a process when the relative position between the par-

ticles isr, is given by a functiony H .(r), wheree is a mean
interaction lengthH, is a normalized function that tends to
8(r) when e—0, and y, is a rate of probability per unit
volume of interaction of one particle. The effective interac-
tion time is given bye‘dyé_l, and the reaction will be either
perfect (fash or imperfect(slow) if this time is shorter or
longer than the collision timgL7].

To formulate the evolution equations, we define
nag(r,t|{B,A}) as the density of thé or B particles con-
ditioned to the occurrence of a procgsg (t)} or {r;,(t)} in
the evolution of theA andB particles. Hence, the evolution
of these densities is governed by

hA,B(r t{B,A})=Lagnag(r,tl{B,A})

>

B.a(D}

Xnag(r,t|{B,A}).

“7e 2 HATg (1)

)

given by the expansion

H
Bzz;

An(2)= Gz N5 (Z' ) 8(t')Na(Z) ~ 7. G

H ! ! !
le,z’GAzlyz’ng(Z |t)5(t )Na(z")

X Gayz,G

H
- ’YGGBZ,Z]_GAZ,Z]_

XN (21|t) Gz, o NE(2) (' )Np(Z') + - -
+(— 75)nng,zlGAZ,zlGAzl,zz- .
XGaz, ,Zb‘(t’)nA(z’)

X[n§(z|t)nf(zy)- - -nf(2")

H .
Bz, ,z,

.gh

’
Bz,,z

+G ng(z'|t)]+- -

(7)

Here we have used the following shorthand notation: we
denote byz; the pair ¢;,t;), z; indicates integration over the
variablesr; ,t; for all functions containing themG, , is
G(r,t|r’,t"), and A;(2)=H_(r—r;(t)). A more complete

This equation generalizes the Galanin approach for expicture of this expansion is given by means of a diagram-

tended absorberf24]. In the limit e—0 we recover the
original form of point absorbers. This limit is strictly correct

matic representation as shown in the Appendix of R28).
Since the density is a monotonically decreasing function

in dimension one, but in higher dimensions we need to takef time, the long-time behavior will be dominated by the
into account the size of the particle. The equations argowest orders imf(t), that can be summed giving

coupled in the sense that the target particles act like an ex-
ternal absorber. The rate of absorption for each particle is
then the same only in average. In other words, the annihila-
tion of one particle does not necessarily imply the annihila-
tion of the other. This is the main approximation of the with

An2)=T(2.2)n5(Z1|t)Gar 2 St )NA(Z),  (8)
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T(2,2')=8(z—2)~ ¥Gnr Gh, (13)

X
F(x,t)znoErf<— .

V4Dt

- , We now rewrite the concentrations AfandB particles as
The remaining terms can also be expressed in terms of

2 H H
+ '}’GGAz,zlGBz,zlGAzl,z’GAzl,Zr+ Tt 9

these functions. Also, in order to get a good approximation Na(x,t)=G,(x,t)+ dn(x,t), (149
for short times we must keep the contribution of the highest
orders inng . Hence, neglecting the crossed terms of mixed ng(X,t)=Gy(X,t) + dn(x,t), (14b)

products ofGg and ng, Aa(2) will be the solution of the

following integral equation: where
An(2)=T(2.20)n5(21|t) Gz, 2 8(t )NA(Z") neErf| ——| x>0
INH o Gi(x,t)= V4Dt (15)
+T(2,21)N5(21/2)Gpz 2, An(Z0)- (10 0 «<0
After some more r_eplacements and rearrangements we fij 4 alsoG,(x,t) =G, (—x,t). In terms of these functions we
nally obtain an equation fam,(z) can writeF(x,t) andF(|x|,t) as
INA F(X,1)=G1(x,t) = Gy(x,1),

—r = Lana- yeT(z,é)nE(Zﬂt)”A(Zl) (11a

F(|x|,t)=G1(x,t) + Ga(x,1).
valid for short and long times. A completely similar equation
is obtained for the averaged density®fparticles The function defined b$(x,t) = na(x,t) + ng(x,t) must be a
continous one given by
dng

—r ~LeMe— nT(z.é)nE(zllt)nB(zl)- (11b S(x,t)=F(|x|,t)+26n(x,t).

Equations(118 and(11b are the main result obtained in Substitution of the forms afix(x,t) andng(—x,t) into Egs.

Ref. [26] and will be our starting point in the study of the (118 and(11b), reduces this set of equations to the follow-

problem of initially separated reactants. As pointed out earind €quation forén(x,t) alone:
lier, the derivation on"(z;|t) as a function oin(z) is not

Hle i g aen _ d%on
possible in general making it necessary to resort to some D o T(z.2OE(x: ]t Sn(z4 |t
kind of approximation. This will depend on each particular at Ix2 YeT( ’_1) (Ixal ta) n(za]t)
problem, but, as a first approach, two alternatives are pos-
sible, eithern(z;|t)~n(z;) or n(z4|t)~n(z). The first (a _YET(Z,é)tsn(Zl)tsn(Zl“), (16)

kind of sudden approximatigrseems to be better adapted to . -

problems in which diffusion is the main phenomenon. TheWith the boundary condition

second is an adiabatic approximation valid when the shape of

the density varies slowly. on (0 1)=T Mo
X il

4\Dt’

which comes from the continuity of the functid®(x,t) at
In order to apply our scheme to the problem of the reacthe origin.

tion front we will consider the case of a set of particheand We have indicated in Ref21] that it is theabsorption

B with initially ~ separated  uniform  densities: fynction i.e., the reaction term of Eq16), that is the rel-
Na(X,t=0)=ng(—x,t=0)=neH(x), and with the same dif- evant function for determining the evolution of the concen-
fusion coefficientD. L, and Lg are diffusion operators tration of the producC. Here, as we have done there, we
La=Lg=A and the corresponding Green function has theg|so need to resort to Fourier-Laplace transforming this term.
usual formG,=Gg=(4mDt) “?exp(-r%4Dt). Since we Hence, instead of dealing with through the series in E¢9)

restrict our analySiS to a one-dimensional situation, we Cakye consider its Fourier_Lap|ace transfor'ﬁ(k,s)_ In the
use the point absorber approathat is, the limite—0). In  present case it reduces to

such a case, the convoluted functian§(z,|t) and G} be-

IIl. BEHAVIOR OF THE REACTION FRONT

come ordinary functions(x,t) and Gg(x,t|x’,t’). In order 1
to proceed with our calculation, we will partially follow the \/?
approach of Ref. [18a. We define the function T(k,S)= il _ (17)
F(x,t)=na(x,t) —ng(x,t), that fulfills the equation N VT
J(DK)Z+2sD
pr= _D&z,: L (Dk)2+2sD
gt g2’ (12) At this point it is possible to show that treuddenap-

proximation described abovéi.e., dn(z;|t)=dn(z;)] is
which, due to the indicated initial conditions, has the solutionequivalent to, and yields the same results amean field
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approach. However, guessing that the shape obthearies The knowledge of the asymptotic behavior & allows
subdiffusively (that is, the typical time scale is slower than us to determine all the relevant quantities. In particular, we
t?), we must resort to thediabatic approximation[i.e.,  can determine the so called reaction fia{¢) [13,18,2Q that
on(zy|t)= én(x,t)]. Hence, we can follow the line of work is the most common quantity determined in simulations. In
indicated in Ref[21], resorting to the Fourier-Laplace trans- the present case

form (®g) of T(z,2;)F(|x4],t1), yielding the result

a
SR WGP 7 S 771
O {T(z,20)F([xa 1)} R=on=t 7g(xt . (25
1 V(2s/7D) Concerning the scaling exponents, this result is in complete
=noT(k,s) S V2w (k) — < |’ (18 agreement with the most recent and refined simulatiaak
5+k2 However, the asymptotic form of the scaling function

[g~exp(—+a/Du)] resulting from Eq.(24) does not repro-
duce the Gaussian form found in the indicated simulations.
This fact is not unexpected, on one hand because the ne-
glected(crossedl terms in Eq.(7), that are clearly not rel-
evant in the homogeneous case, could play a non-negligible

where® { } means the Fourier-Laplace transformation. We
then find that the inverse Fourier transform gives

n
L{T(Z,Zl)F(|X1|,tl)}=;0[T(k=0,S)—T(k=i s/D,s) role in the present case; while in the other hand we have the
- nonuniform convergence of the scaling limit to the true so-
which asymptotically $—0), and in the approximation IV. CONCLUSIONS

X<<4Dt, reads The recently introduced Galanin-like scheme to describe

n the reactiomA+ B— B [25], extended to the case of two spe-
_O(D/S) 12 cies annihilation reactioA+ B— C [26], has been applied to
Y the problem of initially separated reactants in the reaction
(20  A+B—C. The system we have considered is one-
dimensional and we have assumed that the evolution be-
tween collisions is diffusive(with equal diffusion coeffi-
oon 2on  a cients for both reactantsand that there is only a finite
R — —n—y.T(z,21)6n(z;) Sn(x,t), probab|llty of annihilation in any coII|§|on 'of' unlike par-
ot X2 Gt — ticles. This method allows us to obtain, within certain ap-
(21)  proximations, a closed equation for the quantty (16) that
. can be treated through scaling procedures. In such a frame-
with a= (1—[1/y/2])neD. work, we have obtained scaling exponents that agree with
An approximate solution of this equation can be obtainedhgse obtained in the most recent simulations.
using a scaling method. Let us assume the scaling function The adequacy of the present method to treat reaction ki-
on(x,t)~t~"g(x/t*). The asymptotic behavior of netic processes is apparent from the present results as well as
T(z,2;) 6n(z,) can be obtained as before using the Fourierprevious ones for the case of homogeneous systems and
Laplace transformation other results corresponding to extensions of the Galanin-like
1 " approach for: traps executing a non-Markovian motion, the
‘bFL{T(Z’ﬂ) oNn(zy);=T(k,s)s” k™ "G(kIs"). (22)  inclusion of sources, competition between coupled reactions,
- . .. etc,[28].
Substituting Eq.(17) here, taking the asymptotic limit  However, the analysis of the form of the the scaling func-
(s—0) and taking the inverse transformation, we obtain  tjon will require further investigation in order to provide a
more complete picture of nonhomogeneous situations within
T(2.2,) 5n(zl)zt7“g(£). 23) the present model. For instance, the analysis of the related

L{T(z,z) F(|x4|,t1)}~ 77_3/2( 1- i

2

Then, Eq.(16) can be asymptotically written as

ta problem of a pointlike source injected into a homogeneous
substratd 29] is under way.
After substituting the scaling function into Eq1) and tak-
ing into account the last equation we find that a solution of ACKNOWLEDGMENTS
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